Optomechanically-Based Probing of Spin-Charge Separation in Ultracold Gases 
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We propose a new approach to investigate the spin-charge separation in ID quantum liquids via 
the optomechanical coupled atom-cavity system. We show that, one can realize an effective two- 
modes optomechanical model with the spin/charge modes playing the role of mechanical resonators. 
By tuning the weak probe laser under a pump field, the signal of spin-charge separation could be 
probed explicitly in the sideband regime via cavity transmissions. Moreover, the spin /charge modes 
can be addressed separately by designing the probe field configurations, which may be beneficial for 
future studies of the atom-cavity systems and quantum many-body physics. 
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One dimensional quantum liquids have been fasci- 
nating for condensed matter physicists for quite a few 
decades [l|. For a ID quantum liquid, the low energy 
behavior of the system lies in a universal class [2[ which 
results in a remarkable phenomenon that a single-particle 
excitation would fractionizes into a collective charge and 
spin parts and separates. However, the clear observa- 
tion of this phenomenon has proven to be challenging in 
the past decades in solid state materials [3|. Recently, 
the low dimension quantum fluids have been successfully 
realized in cold atom context |4j. The unprecedented 
tunability of interaction and dimensionality make it a 
powerful tool to explore Luttinger liquid |5] or Tbnks gas 
P, Q in ID. Stimulated by these experimental advances, 
some authors propose to detect spin-charge separation 
in ultracold gases by tracking a wave-packet motion or 
analyzing the spectrum of a single-particle excitation 
[Til ] . However, because of the small available spatial and 
limited time scales, the explicit signals of the spin-charge 
separation have not been observed in cold atom experi- 
ments so far. 

Very recently, cavity optomechanics with cold atoms 
12, 13 or a BEC [l^ nas acquired remarkable achieve- 
ments. In such experiments, the low energy collective 
excitation of cold atoms behaves as a "moving mirror" 
Til . [~Lrj| . which can be detected conveniently by cavity 
transmissions. And therefore, this offers a unique method 
to probe the low energy excitations of particular quantum 
phases in ultracold gases [15] . Based on these advances, 
we prose a new procedure in this Letter to detect spin- 
charge separation in ID quantum liquids by considering 
a ID two-component ultracold fermionic gases coupled 
to a polarization-degenerate optical cavity with external 
pump and probe fields. We show that, by tuning the 
weak probe field, the explicit signal of spin-charge sepa- 
ration could be probed definitely via transmission spec- 
tra within current experimental setups. This technique, 
which has the advantage of nondemolition measurements 
[Tt( | and involves no added complications, provides a new 
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FIG. 1: (color online), (a) A collection of two-component hy- 
perfine fermionic atoms are confined in an effectively ID trap 
inside an optical cavity of length L. The cavity mode is driven 
by a "Pump" laser of frequency uj l , and a weak "Probe" laser 
of frequency uj p is added to stimulate the system's optical re- 
sponse. "Out" is the transmission field. Both the fields are 
polarization dependent, (b) Internal energy levels of the two- 
component atoms with detuning A a — ujl — cj a . Here, uo a is 
the resonant frequency between the ground \g) and excited 
|e) states. 



practical way to explore the quantum many-body physics 
in future. 

The system under investigation is illustrated in Fig. 
[TJa), where two-component hyperfine fermionic atoms of 
mass M with resonant frequency uo a are confined in a ID 
trap inside an optical cavity. The cavity mode of fre- 
quency uoo is driven by a pump laser, and we also add a 
weak probe field to the cavity, which behaves as a small 
perturbation to stimulate the fluctuations of the system 
[18|. To explore the spin-charge separation, both the 
pump and the probe fields are polarization dependent. 
The cavity field couples to the atomic internal state (see 
Fig. Gib)) and induces a quantized potential on atoms 
in the far-off resonance limit. Then, in the dipole and 
rotating- wave approximations, the atomic part of Hamil- 
tonian can be written as [HI 

H a = dxi>Ux)[^ + hUS cos 2 (Kx)cU*]**(x) 

+ g 1D J cte*j(x)* t (x)*}(x)^(x). (1) 
Here, $ a (x), a =t, I is the pseudo-spin atomic field op- 
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erator for two hyperfine fermionic atoms, c a is the cavity 
filed operator for up/down polarization, and Ufi = Uq = 
#o / A a is the optical dipole potential strength for a single 
intracavity photon with K = 2tt/X c the wave- vector of 



the cavity mode. g\u 



An ha s 
M 



is the strength of contact 



interaction between fermions with opposite spin, and a s 
is the effective ID low-energy s-wave scattering length, 
which can be tuned by Feshbach resonance. 

First, following the standard procedure, we transform 
the atomic field operator into momentum representation 
by ^cr(^) = L -1 / 2 Efe/jfe j<T e* fea; , where fk, a is the fermion 
annihilation operator for a plane wave with wave- vector 
k. Then, Hamiltonian (pp) can be rewritten as 

H = ^2e(k)fl i<T f k ,<T+giD fL+q^fkiAfL-q^fki^ 



ki ,k2,q 



+ C a [hA a + \w ^2(fl + 2 K Jk,a + h.C.)], (2) 

<J k 

where e(fc) = h 2 k 2 /2M is the single particle kinetic en- 
ergy and A a = uoq — ujl + UqN^/2 is the effective cavity 
detuning. Here, we concern the spin-balanced case with 
N a = N and A a = A. 

We shall work in the low photon numbers limit and 
consider only the lowest momentum transfer of 2K in- 
duced by photons. For low temperature and small mo- 
mentum K <C kp = 7r7V/L, the particle- hole excitations 
occur around the Fermi surface (Fermi points in ID 
One may then implement the bosonization procedure 
by introducing the following bosonic operators 




(k)(k>0). (3) 



Here, p v a (k) = J2 q fklq,afq,a are density operators for 
the right and left moving fermions with v = R,L. 
By further introducing the charge and spin density 
bosonic operators 6^ A = -^=(6^ ± b^), A = c, s, 

and performing the Bogoliubov transformations d^ x = 
cosh 7A ^ A + sinh 7A ^ t A , = sinh 7A ^ A +cosh 7A ^ t A 
with tanh2 7 \ = ±g ]^ — ; we derive the effective op- 

' 27T?; TP +(7i j " 1 



tomechanical model of the coupled system 



z/,A 



(4) 



where the first term describes the charge-spin fluctu- 
ations of the ID interacting gas, which play the role 
of mechanical resonators with frequency 0J q =2K,x — 
2Ku x . 



He re, u c = v F ^(l + ^) 2 - (^_) 2 and 
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)F ) 2 — (~2t7^) 2 are tne soun d velocities of 
the charge-spin excitations for QxdI^^f <^ 1. The sec- 
ond term is the coupling between the mechanical modes 
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FIG. 2: Steady- state behavior of the effective optomechanical 
model of coupled spin-charge excitation modes, (a)-(b) show 
the mean-field intracavity up/down polarized photon number 
ni/ri2 versus the pump rate r\ for A = (uj c -\-uj s ) /2, and versus 
detuning A for r\j n = 4. 



(cosh 7 A — sinh 7 A) 



and cavity fields with U\ = ^ 
and n CiS = ± h^. 

To describe the dynamics of the above driven optome- 
chanical model, we introduce the quadratures of the me- 
chanical oscillators X\ = ^ v X A , P\ — ^ v P A with 



9,A 



d^ x )/V2, Pi = i{d v q \ - dl x )/V2. Then, 



we arrive at the coupled Heisenberg-Langevin equations 



dX 



x 



dt 

ft dd ° 



dt 

-i[A + V2(U C X C + aU s X s )]c a - , 



(5) 



where k is the cavity decay rate and sf n = s a + Ss a 
denotes the total amplitude of external fields. Here, 
s a = (sf n ) represents the pump field, and Ssa- is a small 
perturbation, which is induced by the weak probe field 
with 5s & = Sp. is the tunable coupling parameter. 

To proceed, we first consider briefly the steady-state 
behavior of the coupled system. The niean- field solutions 
of Eqs. © are P x = 0, X x = -2V2U x n x /uj\, and 



[A -4(t^ 



u c n c + a 



Uh 



(6) 



with f] a = V26tvS a . In Fig. [2j we present the mean- field 
intracavity photon numbers versus the pump rate and de- 
tuning (see below for the parameters used here). It can 
be shown that the steady-state driven by the pump field 
exhibits optical multi-stability [2(3]. This is a character- 
istic phenomenon of the two-modes optomechanical sys- 
tem, where both the spin and charge modes are strongly 
coupled with the cavity fields. 

While in our proposal, we mainly concern the system's 
optical response to the weak probe field perturbation 
in the presence of a steady state. For a symmetrical 
pump ija- = 77a-, the steady solution n a = = n exists 
[21[, which gives rise to n c = + = 2n, X c = 
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FIG. 3: (color online.) (a) Real and (b) Image parts of the 
intracavity field response versus Q (in unit of A). The solid 
line shows the total response ^(^) to ^ ne polarized probe 
field, and the dash-dotted and dashed lines show the responses 
y\ c /y\ s to the charge/spin modes respectively. 



— 4y/2U c n/uj c and n s = — = 0, X s = 0. Then, 
the optical response to the probe field is obtained via a 
linearization of Eqs. (j5]) around the steady- state 



dSX x 
dt 

dt 
dSX x 
dt 



= ujxSPx 



dSPx 
dt 



5X x -2V2UxVfi53ix, 



2k5^ - A5X X - kS<#\ - 2V2U x Vfi5Xx, 
+ (7) 



with A = A - SU^nuj- 1 . Here, 5X C , S = (SX t ± 5X±)/y/2, 
$tyc,s = (<^Pt ^ represent the cavity-field 

charge-spin quadratures with SX a = (5c£ + 5c a )/y/2, 
5y a = i(5ct - 5c a )/V2. And SXg = (5Xl ± ^ n )/V% 
dtyin = (^Pin ^ ^PhJ/v^ denote the corresponding 
probing field terms with SXf n = + s%)/y/2, S^f n = 
i(Sp* — Sp)/V2. For cold- atom system, the damping of 
the spin-density excitations are much smaller than the 
cja, and therefore can be neglected. 

We note that, although both the two mechanical modes 
are coupled nonlinear ly with cavity field in Eqs. (j5j), the 
fluctuations of the spin and charge modes in the above 
Eqs. ([7j) can be excited independently. This is a unique 
feature of the system, which encodes the explicit signal 
of spin-charge separation. To see this, we transform Eqs. 
([7]) into frequency space in the rotating frame. Here both 
the fluctuations of the mechanical and cavity field vari- 
ables oscillate at frequencies ±Q around the steady-state, 
with Ft = u p —ul being the frequency difference between 
the probe and pump fields. Then, the intracavity field 
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FIG. 4: (color online.) Transmission spectra for different val- 
ues of detuning A and three kinds of probe fields with polar- 
ized (solid), in-phase (dashed) and out-of-phase (dash-dotted) 
configurations. 



amplitude can be derived as [22| 

i + *A(fi) 



A x [n] 



-i(Q - A) 



2 A/a (^ 



with 



A(n) 



Wlnujx 



i(Q + A) ^ 2 



• UJ 



2 ' 



(8) 



(9) 



Here, = (s£ ± s^)/2 represents the input charge/spin 
probe field amplitudes. 

Before proceeding, we consider the following experi- 
mental achievable parameters: L ~ 100 /im, N ~ 5000 
Alkali metal atoms (e.g. 87 Rb, M = 1.5 x 10~ 25 kg) and 
Uq = 20 KHz, which give rise to ux ~ several MHz and 
Ux ~ 100 KHz. Then cavity dumping n can be chosen to 
satisfy UxV^ <C ft <C co>a, which places the system well in 
the resolved sideband regime [23]. In this regime, there 
exists normal mode splitting, and the — Q part of cavity 
fluctuations can be neglected, which may enable further 
simplification of the solutions of Eq. (J5]). 

In experiments, one of the most important observable 
quantity is the polarized intracavity field response to the 



probe field <R a [tt] = 



which reads 



afKc[Q] + <j/39t s [fi], 



(10) 



with JH A [fi] = y/20KA x [n]/s$ and a = s c p /s°, /? = s s p /s a p 
determined by the configuration of probe field. By nu- 
merically solving Eq. (|5]) in the sideband regime, we show 



the main results of the intracavity field responses to the 
polarized probe field in Fig. [3] with a = /3 = 1/2 and 
n = 2tt x 150 KHz for illustration. A remarkable fea- 
ture of the spectrum £K^( n is that it demonstrates a well 
defined double dips centered at the charge/spin modes. 
The underlying mechanism can be understood as follows: 
when we input a small probe field to disturb the system 
around the steady state stablized by the pump field, the 
corresponding intracavity field response sets up, which is 
genrally comprised of the response of charge/spin modes. 
When the frequency difference between the probe and 
pump fields Q is tuned to be one of the mode frequen- 
cies, the corresponding collective mode would be excited 
resonantly, and accordingly the cavity response would 
drop dramatically. Therefore in this scheme, one doesn't 
have to track the motions of spin/charge wave-packets 
[ij], which have different velocities; we only need to de- 
tect the resonant frequencies of the collective spin/charge 
excitations by tuning the probe fields. 

To further clarify, we present the probe power trans- 
mission \tp\ 2 = |1 — y\ a \ 2 for different probe field con- 
figurations (here, the critical pump 6^ = 1/2 is assumed) 
in Fig. HJ where the charge/spin modes are also clearly 
resolved (solid line). We see that, by adjusting the probe 
field configuration to be in-phase (dashed line) or out- 
of-phase (dash-dotted line), the charge/spin modes can 
be addressed separately. In Fig. |4j We also investigate 
the impact of detuning A on the spectra. It can be 
seen that although the transmission is generally modi- 
fied, the peaks of the probe spectra always occur at the 
charge/spin modes, which are independent of detuning 
A. The frequencies of the charge and spin modes versus 
interacting parameter gm for QxdI^f < 1 are shown in 
Fig. [5j which could also be inspected in future experi- 
ments. 

Until now, we have mainly focused on the femionic gas. 
Experimentally, the above scheme could also be realized 
in two-component Bose gas by implementing the hydro- 
dynamical theory [15]. The velocities of the charge/spin 
excitations are u CyS = ± #12/0 with q and g\2 the 

intraspecies and interspecies interactions The effec- 
tive frequencies of the collective modes are of order MHz 
in Luttinger liquid regime and lies well in the resolved 
sideband limit. Further studies will consider trapping 
potentials, where the frequency of collective modes have 
to be time-averaged in a period because of the position- 
dependent velocities of the excitations [8|- 

In summary, we have shown how to implement the 
probing of the the intriguing spin-charge separation in ID 
quantum liquids via the optomechanical coupled atom- 
cavity system. Such experiments allow us to determine 
definitely the collective excitations of the ID strongly cor- 
related system with nondemolition measurements. Fur- 
thermore, the two-modes optomechanics itself may be of 
interests for future studies of quantum physics. 
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FIG. 5: Frequencies of the charge (cj c ) and spin (cj s ) modes 
versus interacting parameter gm for giving K. The dotted 
line marks the parameter used in Fig. [3] and Fig. 
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